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X1 n
Letx= | : | andy= | ! | be vectors in R".
Xn Yn

1. The dot product x and y is the real number x1y1 + xoy2 + « - - + X Vn.
In terms of matrices, we can also write the dot product as:
yi

[Xl X2 o Xn] . ) = X" -
Yn
Since we write vectors in R” as column vectors, and, strictly speaking, we

cannot form a column product x -y, we will write x * y for the dot
product of x and y.

2. The length of x is the non-negative real number

[[X]] = \/xZ + -+ x2 = Vx*x.
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Definition
3. Vectors x and y are orthogonal exactly when x xy = 0.

4. Vectors x and y are orthonomal if they are orthogonal and have
V2 _V2

length one. For example, x = é andy = é , are orthonormal:
2 2

V2 V2, V2 V2
2
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Definition

5. A set of vectors uy, ..., u, is an orthonormal system if each vector u;
has length one and any two vectors u; and u; are orthogonal.

In other words: ||u;|| =1, for all i and wu; * u; = 0, for all i # j.
Equivalently: u; * u; =1 for all i and u;j x u; = 0, for all i # j.

6. The standard basis e;, ey, -+ ,e, for R” is an orthonormal system, in
fact, an orthonormal basis.

1 0 0
For example: e; = (0] ,eo = |1| ,e3= |0
0 0 1

These vectors clearly have length one and e; x e = 0.
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Theorem

Theorem (First Case of Gram-Schmidt Process). Let wy, w, be a basis
for the subspace W C R". Then for

w1 * Wp

W]/_:W17W2l:W2_ s wy,
Wi * Wi
wy, wj is an orthogonal basis for W.
1 0
Class Example. Suppose wy = | 0 | and wy, = |4 is a basis for the
-1 6

subspace W of R3. Find an orthogonal basis for W.
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Solution. We need to calculate wy * wy and wy x ws.
W1*W1:12—|—02—|—12:2. W1*W2:0+0—6:—6. ThUS,

w1 * Wp

=-3.
Wi * Wiy
0 1 3
Therefore wj = wy — (=3)wy = [4| +3- | 0 | = |4
6 -1 3
1 3
wi = | 0 |,w, = |4] is an orthogonal basis for W.
-1 3

CHECK. w} % wj = —3+0+3=0.

Remark. Though there are infinitely many vectors in R3 orthogonal to
wy; = wy, this process picks a vector orthogonal to w; so that wy and the
new vector form a basis for the given subspace.
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Comment

Once we obtain an orthogonal basis for W, we can normalize these
vectors to obtain an orthonormal basis.

1
Previous Example Revisited. We started with the basis w; = | 0 | and
-1
0 1 3
wy, = |4, and derived an orthogonal basis wy = | 0 | and wj = |4
6 -1 3
To get an orthonormal basis, we take u; = IIJ/H -wy and up = Hvi’ll - Wy
1 2

|lw]]| = V2 and ||ws|| = v/34, thus

U = and up, = , is an orthonormal basis for W.

SlLsiesl
alalal
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Value in using an orthonormal basis

Suppose uy, us is an orthonormal basis for the subspace W C R". Let
w € W. Then

w = (w*u)uy + (w * up)up.

Easy Example 1. Consider x = _24} and the orthonormal basis e; and

e,. Then x = 4e; — 3e;. In terms of the dot product:

xxe; = (4e; —3ey) xe; = (4e; xe;) — (3eyxe;) =4 —0=14.

xxey = (4e; —3ey) xey = (de; xey) — (3ep xe) =0—3 = —-3.
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Example 2. Consider the orthonormal basis u; = [_ ] and

NS,

V2 2
Uy = \}5 . Let's write x = [4] in terms of this basis.
2

xxu =2 (—¥2)+4.- 2= _\242/2=12
x*u2:2~(§)+4~§:ﬂ+2\@:3\@
Therefore, x = v2u; + 3v2us.

Check:

NG
\[2U1+3\6U2:\[2' [ é
2
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Class Example

1
Find an orthonormal basis for the subspace of R3 with basis wy = |0
1
1
0 V2
and w, = |2 and then use the dot product to write v = % as a
2 2
V2

linear combination of those vectors.

First orthogonalize:w; * wy = 2 and wy * wy = 2. Thus
-1

wy=w, —wi = | 2 |. [[w]| = v2and [|w]| = V6.
1

1 1
V2 e
Therefore, uyy = | 0 | and wp = 7 is the required orthonomal
1 1
V2 V6

basis.
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Class Example continued

1 1 2 1 1 2 3
— 1 _ 1 J'_41 .2 2 1 _ 3

_ 3 3
Thus, v = Sur + T2
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Theorem

Theorem (Gram-Schmidt). Let wy, wa, ..., w, be a basis for the subspace
W. Then an orthogonal basis for W is wy, w3, ..., w/, where:

(i) wy = wy.

’

oo ! _ WMEwe . /

(“) Wy = W2 wykw] A
/7 !

’ _owpxws o Wokws

(i) wh =ws w1 T e W2

;. Wy %W, / Wy %W, / w,_y W !
(r) w =w, — whw WL T whewl CWa T T g Wy_gpause
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Example

Find an orthogonal basis for the subspace of R* having basis wy =

O = O

Wy = , W3 =

N O ONN
&~ p OO

Solution. wy = wj.

2 1 1
W,_W_W1>1<W2.W_ 0 _g 0 |0
2T s Y0 2 (1] |-1

2 0 2

Lecture 21: Gram-Schmidt Orthogonalization



Example continued

W= W — My — S —
2
0 1 1 0 2 -2 -8
Of 4 |0of _4f0| _|oj_jof |0} |0
4 2 |1| 6 |-1| |4 2 2 %
4 0 2 4 0 -3 3

—_
|
wloo

Thus, wq = , is an orthogonal basis for

X
Il
\
—
&
I
wloowlo O

the given subspace.
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Class Example

Find an orthogonal basis for the subspace W of R* having basis

1 3 1
1 2 0
w = —1 , Wo = 0 , W3 = 1
—1 1 0

Use the formulas:

(i) wy = wy.

!
.. ; _owixwe
(i) wp = wy — 00 - wy
a ’
; _owpkws g Wokws ’
(i) wh =ws Wi WL T e W2
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Example continued

Solution. wy = wj.

3 1 2
’ W xwp 2 i 1 |1
A L B SR I b
1 -1 2
Wi = s — G~ g =
1 1 2 4
of o 1] 3 [1]_ 1 [-3
1 4 |-1 10 |1] 10 7
0 -1 2 —6
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Class Example continued

Thus, the subspace W has orthogonal basis,

1 2 4

’r_ 1 / 1 / i . -3

wy = 1| Wy = 1> W3 10 7

-1 2 —6

Converting to an orthonormal basis yields:
1 2 4
1 1 1 1 1 -3
h =z y U = y =

2 -1 V10 |1 10v/110 | 7
-1 2 —6
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Value in using an orthonormal basis

Theorem. Let uy, up, ..., u, be an orthonormal basis for W C R”". Then,
for any vector w € W,

w=(wsxu) v+ (wWkw) u+- -+ (w*u)- u.

5
Example. In the example above, write w = g from W as a linear
0
combination of uy, up, us. Using the theorem:
wru =3 (5+3+0+0) =4
Wk Uy = ﬁ-(10+3+0+0): %
WUz = 5o (20 -9+ 0+ 0) = i,
Thus,
w=4 u+ 13 up + 11 u
SRS TR TV T R
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