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Examples of subspaces of Euclidean Space

Recall that Euclidean n-space, denoted R”, is the set of all n-tuples of
real numbers of length n. Such vectors can be written either as row
ai

a
vectors (a1, ap, ..., a,) or column vectors

an

We add and scalar multiple coordinate wise: Thus,

1 4 2 20 22
2. |2 +5-[5| = |4]| +|25| = |29
3 6 6 30 36

Recall that if vi,...v, € R" and A1,..., A\, € R, then
AMvi+ Xovo + -+ Ay,

is a linear combination of vi,...,v,.
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Examples of subspaces of Euclidean Space

1. Let

ayxy + -+ anx, =0

am1+"'+amnxn:0

be a homogeneous system of m linear equations in n unknowns. Recall
that if v = (s1,...,s,) and u = (t1,...,t,) are solutions to the system,
then:

(i) (0,..., 0) is a solution.
(ii) v+ uis a solution.
(iii) Av is a solution, for all A € R.

In particular : If vy,..., v, are solutions, then any linear combination
/\1V1 + - +Arvr

is a solution to the homogeneous system.
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Examples of subspaces of Euclidean Space

Let A be an m x n matrix. We can think of multiplication by A as a
function from R"” to R™, since v € R" implies Av € R™.

2. Let W denote the nullspace of A, i.e., the set of all v € R" such that
Av=0. Then:

(iYoeWw
(ii) If vo,v» € W, then v; + vo € W, since:

A(V1—|—V2):AV1+AV2:0+0:0.

(iii) If v € W, then Av € W, for all X € R, since:

A(Av) = Mv = X0 = 0.

In particular: If vq,...,v, are in W then any linear combination
Avi+ o+ Ay,

is also in W.
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Examples of subspaces of Euclidean Space

3. Let U C R™ denote the image of A. That is, all vectors in R™ of the
form Av, with v € R". Then:

(i) 0 € U, since Ogm = A - Opn.
(ii) If Avy, Avz are in U, then Av; + Av, = A(v1 + v2) is in U.
(iii) If Avisin U, then A(Av) = A(Av) is in U, for all A € R.

In particular: If vq,...,v, are in U then any linear combination
Avi+ o+ Ay,

is also in U.
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Examples of subspaces of Euclidean Space

4. Now assume that A is an n X n matrix and let A be an eigenvalue.

Let Ex(A) C R” denote the set of all A-eigenvectors of A, together with
the zero vector 0 of R"”. E)(A) is called the eigenspace of A. Then:

(i) 0 € Ex(A), by definition.
(ii) If va, vp are in Ex(A), then vi 4+ v5 is in Ex(A), since:

A(V1 + V2) = AVl + AV2 = AVl + )\Vz = )\(Vl + Vz).

(iii) If viis in Ex(A), then v is in Ex(A), for all v € R, since:

A(vv) = vAv = 7(Av) = 7Av = A(v).

In particular: If vq,..., v, are in Ex(A) then any linear combination
Yivi v

is also in Ex(A).
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Examples of subspaces of Euclidean Space

5. Fix vectors vi,...,v, € R". The span of vi,..., v, is the set of all
linear combinations of vy,..., v,.
Let S denote the span of the vectors vy, ..., v,.

(i) 0 S,since0=0-vi+---+0-v,.

(i) fv=avn+:--4+a,v,€Sand u=pivs + -+ B,v, €S, then
v+ u€S, since:

vtu=(avi+-+ov)+ (Bivi+ -+ Brv)
=(a1+Bi)vi+ -+ (o + Br)Vr.

(i) fv=aivi+---+a,v, €S and v € R, then yv € S, since:

v =v(cavi + -+ a,v, €5)
= (ya)vi +--+ (yar)vr
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Examples of subspaces of Euclidean Space

In particular: If wy, ..., w; are in S then any linear combination
VWL e Y We

isalsoin S.

In other words: A linear combination of linear combinations of vy,..., v,
is a linear combination of vy,...,v,.
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Definition
A subset W C R" is called a subspace of R” if it satisfies the following
properties:

(i) 0ew.
(ii) If voi,vo € W, then vi + vo € W.
(i) if v € W, then A\v € W, for all A € R.

In particular: If vq,...,v, are in W then any linear combination
7vit+ v

is also in W.

Therefore: The Examples 1-5 above are all subspaces of R”".
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Example

What are the subspaces of R??
(i) {0} is a subspace of R2.
(i) R? is a subspace of R?.
(ii) Any line through the origin is a subspace of R?.

These are the only subspaces of R2.

Let L be a line in R? through the origin. L is given by y = mx, where m
is the slope of L.

Thus, L is the solution set of the homogeneous equation x + (—m)y = 0,
which shows that L is a subspace.
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Example

The subspaces of R? are:
(i) {0}.
(i) R3.
(iii) Any line through the origin.
(iv) Any plane through the origin.

Why: Each of these sets are the solution set to a homogeneous system of
equations. For example:

(a) Any plane through the origin is defined by an equation of the form:
ax + by 4+ cz = 0, for fixed constants a, b, c € R.

(b) Any line through the origin is the intersection of two planes through
the origin and is thus the solution set to a system of equations of
the form:

ax+by+cz=0
dx +ey+fz=0.
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Example

A line or plane in R? or R3 that does not pass through the origin, is NOT
a subspace. We require subspaces to contain 0.

Another reason: Suppose L :y = mx + b is a line in R?, with b # 0. Let

a c .
Vi = [ma+b} and v, = [mc+ b} be vectors in L. Then
. a-+c .
vi+ v = [m(a +o)+ 24, which does not belong to L.
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Let U C R" be a subspace. Vectors vq,...,v, € U span U if U is the
subspace spanned by vi,..., v,
In other words, U is the set of all linear combinations of v, ..., v,.
In this case we write U = span{vi,..., v, }.
Important Observation: Let A=[v; v, --- v,] be the n x r matrix
whose columns are vy, ..., v,. Then:
/\1—‘
velU ifandonlyif u=A-|:],
N
since
A1 A1
A - :[Vl"'vr]' :A1V1+"'+)\rvr-
Ar Ar
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Comment

Thus: A vector b € R" is in the span of vi,..., v, if and only if the n x r
system of equations given by

A-X=b

has a solution.
A1

Moreover, if | : | is a solution, then
Ar

b=Avi+ -+ Av,.

Important Consequence: Given any m X n matrix A, the subspace
im(A), the image of A, is the subspace spanned of R™ spanned by the
columns of A.
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1 0 1 2
Let vy = |0|, v = [1|,and vs= [1|. Isb= |0| inspan{vi, va, v3}?
1 1 0 1

Solution: Let A =[v; v» v3]. We seek a solution to A- X = b. We use
Gaussian elimination.

10 1]2 10 1]2 10 1]2

01 1o =B 00 1 1o 220001 1 0

11 0/1 01 —1]-1 00 —2|-1
e [T O 12 pp |10 0] 3
=001 1|0l =g 1 0| -2
00 1| *R** o 0 1]

This shows that b=3 - vy — 2 - v, + 3 - v3.,

Thus, b € span{vy, va, v3}.
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Example continued

CHECK:%-vl—%-v2+%~V3:

1 0 1 3 0 1 2
1 1 2
;0—5-1+§~1:0—%+§:0:b
1 1 0 3 2 0 1
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Class Example

|

Determine if b= [3| belongs to span{vy, v», v3}, for

If so, write b as a linear combination of vy, vo, v3.

Then, verify your answer.
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Class Example continued

Solution: Using Gaussian Elimination,

12 14 1 2 1] 4 1 2 1] 4
2 01 13| 2Ry 3 1| 5| REZR g 1 1| 3
11 2)1] YRRl 11| =3 0 -3 —1|-5
e [P0 3 =2l Lo 3|2
2Rt loo1 -1 3| 4o 1 -1 3
Rife 1o 0 —4| 4 00 1|-1
10 0] 1
SRR 1 0 2
PRtk g 0 1

Thus: b=1-vi +2 v — v3.
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Class Example continued

CHECK:1-vi +2-v — w3 =

1 2 1 1 4 1 4
1- 12 +2- (1| — |1 =|2]|+ [2| — |1 = |3
1 1 2 1 2 2 1
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